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Abstract 

We consider a class of cut-and-project sets A = Ap x Z in the plane. Let 
L = A + wR, w £ R 2 , be a countable union of parallel lines. Then either (1) L 
is a discrete family of lines, (2) L is a dense subset of R 2 , or (3) each connected 
component of the closure of L is homeomorphic to [0, 1] x R. 
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1 Introduction 

One dimensional quasicrystal structure on the Penrose tiling ([1]) was first recognized as 
the musical sequence of Ammann bars [3] . Pleasants [6j [7] studied the general theory of 
submodels and quotient models of 'plain' cut-and-project sets. One dimensional structure 
is also related to the tomography problem [2]. 
In [1], we showed the following result. 

Theorem Let A P C C be a Penrose set. Let w e C, w ^ 0. If wR n Z[C] ^ 0, 
£ _ e 27r % /=T/5^ then the quotient (Ap + wM)/(wM) is a one-dimensional cut-and-project 
set. If wR n Z[C] = 0, Ap + wR is a dense subset of C. 

In this paper, we consider a simpler family of model sets A C I 2 of the form A = 
Ap x Z, having a 'rotation angle' parameter 9 such that tan# e R\Q. It is shown that A 
has no nontrivial one dimensional quasicrystal structure. Instead, we show the following. 

Theorem 1. Let w = (1, s), s ^ 0. If s G Qcos 9 + Qsin#, then either 

1. A + wR is a dense subset ofR 2 , or 

2. each connected component of the closure of A + wR is homeomorphic to [0, 1] x R. 

If s Q cos 9 + Q sin 9, then A + wR is a dense subset of R 2 . 

For the case of a special length of the window interval, we give another proof by using 
the dynamics of a suspension map for an interval exchange map. 
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2 Stripes on rectangular tilings 

See [5] for a general discussion on the cut-and-project sets. In this paper we adopt a 
simplified definition. 

Definition 2. A cut-and-project scheme X = (R fc , R, D, Q, A,p, q) consists of a physical 
space R k , an internal space R, a lattice D C R fc x R, a bounded interval Q C R called 
the 'window', a subset A = A(f2) C R fc , and natural projections p : R' x K 4 K l , 

1. : D — )• R fc is injective, 

2. q{D) is dense in R ; and 

3. A = {p(d) : d E D,q(d) E ft}. 

A subset A C l fc !« called a model set, or cut-and-project set, if there exists a cut-and- 
project scheme £ = (R fc , R, D, Q, A,p, q). A relatively dense subset A C R k is called a 
Meyer set if it is a subset of a model set. 

An example is the cut-and-project scheme 

E F = (JBL,R,D F ,I,A F ,p,q) 

with a bounded interval / = [0, e) and a lattice 

Dp = {(mcos6 — n sin 9, m sin 9 + ncosd) : m,n6Z} 

where tan# is irrational. The model set A F is written by 

A F = { (m cos 9 — n sin 9) : < m sin 9 + n cos 9 < e, m, n E Z} . 

If tan# = (v^5 — l)/2, A^ is called a Fibonacci set. For x = mcos9 — nsm9, m,n E Z, 
we denote by x* = m sin # + n cos 

In this paper we consider the cut-and-project scheme 

Z = (R 2 ,R,D,I,A,p,q), 

with a bounded interval / = [0, e) and a lattice 

D = { (m cos 9 — n sin 9,k,m sin # + n cos #) : m,n,k E'L) 

where tan# is irrational. The model set A C R 2 is written by A = A^ x Z. 
For w E R 2 , we denote by {0} xS = (A + wR) n ({0} x R). 

Theorem 3. Let w = (1, A/cf), A = acos# — osin#, where a,b,d E Z are relatively prime 
and d ^ 0. If e > 1/|A*|, S is a dense subset ofR. If < e < 1/|A*|, the closure of S is 
written by 

d(S) = (^^1 : < t < e, I E z) . (1) 
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Figure 1: Thick stripes. 9 = 7r/6. The slope is cos 9 + sin#. 



Proof. Let x = mcos9 — nsin9. The line passing through the point (x, k) e A, with the 
slope X/d, passes through the point (0, k — Xx/d). We have 

. Xx . a cos 9 — b sin 9 . 
k = k [m cos 9 — n sin 9) 

a a 

am + bn a sin 9 + b cos 9 

= k : 1 : (m sm9 + n cos 9) . 

a a 

It is not difficult to see that the set 

{ {am + bn mod d, m sin 9 + n cos 9) : m,nGZ} 

is a dense subset of (Z/dZ) x M, since tan 6* is irrational and a,b,d are relatively prime. 
Thus we obtain (TT]). □ 

The first part of Theorem [1] immediately follows from Theorem [3j 

Here we give a picture. Let 9 = n/6, e = cos 9 + sin9 = (1 + \/3)/2. Fi gure 1 draws 

112 lines of the slope cos 9 + sin in the range [—2.5,2.5] x [—2.5,2.5]. There appear thick 

'stripes'. 

3 Suspension dynamics on the rectangular tiling 

In this section we prove ([1]) for the case e = cos# + sin#, by using dynamical systems. 
Since is a discrete subset of M, it is written by a sequence 

A^ = {xj = mj cos 9 — rij sin 9 : j G Z} , 
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where Xq = 0, and Xj < Xj+i, j £ Z. 

Lemma 4. If x* £ [O,cos0) ; x j+1 —Xj = cos0 and x* +1 — x* = sin0. If x* £ [cos0,cos0 + 
sin0), Xj+i — = sin0 and x* +1 — x* = — cos 9. 

Proof. The proof is trivial. □ 

Let w — (1, X/d), A = a cos — b sin 0, where a,b,d £ Z are relatively prime. Consider 
a line £ a = {(t, a + tX/d) : t e 1} passing through the point (0, a), with the slope X/d. 
Let 

1 1 
X = [0, cos 0) x [0, -] x [0, cos 0] U [cos 0, cos + sin 9) x [0, -] x [0, sin 9] 
d d 

be the phase space of suspension dynamics, where we identify 

(£,o,C)~(£,^C), 

(£, 77, cos 0) ~ (f + sin 0, 77, 0), < £ < cos 0, 
(£, 77, sin 9) ~ (£ — cos 9,r/,0), cos < £ < cos + sin 0. 
Let <£> : M 2 — >• X be a 'card album' map defined by 

ip(x, y) = (x*, y mod 1, x — Xj), for Xj < x < Xj + ±. 

Lemma 5. y?(A) = {(x*,0, 0) : j £ Zj . TTie mapping (p : 1R 2 — >■ X is continuous. 
Proof. The proof is trivial. □ 
Let 

M = [0, cos 9 + sin 9) x [0,-] 

d 

be the base space of X, where we identify (£, 0) ~ (£, M is identified with M x {0} C 
X. We consider the 'Poincare map' in the trajectory (p(£ a ) as follows. 

Lemma 6. (p(£ a ) H M is a dense subset of the 'line' 

f A* 1 1 

:= j (£, a: - mod -) : < £ < cos 9 + sin 9 > . 

Proof. First we have 

y?(4)nM={(a;*,a + ^mod^): j £ z| , 
and (xq, a + ^ mod ^) = (0, a mod |). The mapping of <p(£ a ) H M, defined by 

[x j+1 ,a-\ — mod -) 

(x* + sin 9,a + ^(xj + cos 0) mod |) if < x* < cos 
(re* — cos 0, ct + ^(xj + sin 0) mod |) if cos < x* < cos + sin 0, 
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extends to a piecewise continuous map on M, which could be called an 'interval exchange' 
map. Since 

1 XcosO a. 1 XsinO ^b A* 

sin d d — cos d d d ' 

the slope of L a is well-defined. The set {x* : j G Z } is an orbit of an 'irrational rotation' 
on the 'circle' [0, cos 9 + sin 9), so ip(£ a ) fl M is a dense subset of L a . □ 

Lemma 7. The line L a passes through the point (x*j, 0) if and only if a = — ^ mod ^. 
Proof. The proof is trivial. □ 
Theorem [1] for the case e = cos + sin 9 immediately follows from Lemma [7J 



4 Dense lines in the plane 

In this section we prove the second part of Theorem [U 

Theorem 8. Let w = (1, s) . If s £ Qcos# + Qsin^, then A + uM. is a dense subset of 
R 2 . 

(cos 9 0— sin 9\ 
1 
sin 6* cos 9 J 

Let H = M 2 x {0}. By giving a parallel translation to the lattice Do, we may assume that 
the window interval is / = [— ei, 62), ei, 62 > 0, e\ + £2 = e, so that H x J is a neighborhood 
of #. 

We identify A with A = A x {0} C M 3 , and rotate it back to A~ 1 A in the slanted plane 
A~ X H . The slope vector w = (1, s, 0) is slanted to A" 1 '!!) = (cos 9, s, — sin 9). 
Here we recall Kronecker's Theorem. 

Kronecker's Theorem. Let 61,62,03 G R. Suppose that no linear relation 

aiOi + a 2 2 + a 3 3 = 
with integral coefficients, not all zero, holds between them. Then 

{{Wi mod 1, t0 2 mod 1, W 3 mod 1) : t G R} 

is a dense subset of the unit cube [0, l) 3 . 

Kronecker's Theorem implies that the line A~ l l := {A~ 1 (p + tw) : t G R}, for any 
p G H, comes arbitrarily close to the cutted lattice D fl x J). Hence comes 

arbitrarily close to the slanted model set A _1 A. This completes the proof. □ 

Figure 2 draws 241 lines in the same range as in Figure 1, of the slope a/2. This is a 
finite approximation of the dense set in the plane. 
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Figure 2: Dense lines in the plane. The slope is \/2. 
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